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Abstract
Guibas conjectured that given a convex polygon P in the xy-plane along with two triangulations of it, T1 and
T2 that share no diagonals, it is always possible to assign height values to the vertices of P such that P ∪ T1 ∪ T2
becomes a convex 3-polytope. Dekster found a counter example but left open the questions of deciding if a given
configuration corresponds to a convex 3-polytope, and constructing such realizations when they exist. This paper
presents a characterization of realizable configurations for Guibas’ conjecture based on work from the area of
polytope convexity testing. Our approach to the decision and construction problems is a reduction to a linear-
inequality feasibility problem. The approach is also related to methods used for deciding if an arbitrary triangulation
of a point set is a regular triangulation. We show two reductions, one based directly on a global convexity condition
resulting in number of inequalities that is quadratic in the number of vertices of P , and one based on an equivalent
local convexity condition resulting in a linear number of inequalities.
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1. Introduction
At the First Canadian Conference on Computational Geometry held at McGill University in
August 1989 Leo Guibas conjectured that given a convex polygon P in the xy-plane along with two
triangulations of it, T1 and T2 that share no diagonals, it is always possible to lift the vertices of P
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vertically out of the xy-plane creating a spatial polygon P ′ whose convex hull is a 3-polytope P ∗
that projects onto P ∪ T1 ∪ T2 [4]. Dekster disproved Guibas’ conjecture by showing that a necessary
condition on the configuration (P,T1, T2) could fail [1]. However, the problems of deciding when a
given configuration corresponds to a convex 3-polytope in general, and constructing such realizations
where possible were left open.
In this paper we begin by giving a simplified version of Dekster’s proof that Guibas’ conjecture is
false. We then review some well known characterizations used for testing global convexity of polytopes
including one due to Mehlhorn et al. [3], and one due to Devillers et al. [2]. Next, we show how two
of these characterizations can be adapted to give characterizations of configurations (P,T1, T2) that are
realizable under the conditions of Guibas’ conjecture. Both characterizations are in terms of the feasibility
of a set of linear inequalities leading to the use of linear programming techniques for deciding realizability
and constructing realizations.
Our development yields characterizations of realizable instances that are similar to those of single
regular triangulations of arbitrary point sets. See, for example, the recent treatment of regular
triangulations by Takeuchi [5].
2. Dekster’s counter example
Before presenting our approach we review Dekster’s counter example to Guibas’ conjecture. Dekster
proves a general theorem outlining a necessary condition on the configuration (P,T1, T2) in [1] using
an elaborate geometric construction. He then presents an example where these properties do not hold
implying that Guibas’ conjecture is false. In this section a simplified version of Dekster’s proof is
sketched for the configuration used in his example. The configuration in question is pictured in Fig. 1.
This configuration cannot be realized as a convex 3-polytope under any assignment of height values to
its vertices. Such a configuration is said to be unrealizable.
Theorem 1 (Dekster). The configuration (P,T1, T2) shown in Fig. 1 does not have a realization as a
convex 3-polytope [1].
Lower case letters will denote points and lines in 3-space. Capital letters will denote the projection
onto the xy-plane of points and lines in 3-space. The notation [ijk] will be used to denote the plane of
three vertices i, j, k. Let L be the line through AD, and M be the line through BE. Now, construct a ray
starting at C and passing though D. It intersects M at a point Z. Denote by X the point of intersection
of AD and BE as seen in Fig. 2.
Denote by h the intersection of the two planes [af e] and [bcd]. Since these planes contain two faces
of the bottom and are hinged along the bottom edges ae and bd that project onto parallel lines, the
projection of the line h onto the plane forms a line H that must intersect both the segment AB and the
segment ED. The line H is pictured here with an arbitrary placement. Since H crosses AB and ED
it crosses the interior of the quadrilateral ABDE thus it must also cross BE and DZ. Denote by G
the point of intersection of H with DZ and note that whatever the exact placement of H the inequality
|DG|< |DZ| will always hold.
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Since G is between Z and D it is always possible to find a point W that lies on the segment AG and
is in the interior of the quadrilateral AXEF . The segment WC must then intersect the diagonal AD at
a point Y that is inside the polygon (see Fig. 2). Denote by w1 the point contained in the plane [aef ]
having projection W . Since [aef ] is the plane of a face of the bottom of P ∗ and W is in the interior of P
it must be that w1 is on or below the bottom of P ∗. Let w2 be any point in the interior of P ∗ also having
projection W , then w2 is above w1. Also consider the point y1 on the segment w1c and the point y2 on
the segment w2c both having projection Y . Since w2 is above w1 it must be that y2 is above y1.
Finally we derive a contradiction as follows: let g be the point of [aef ] having projection G. By the
above construction g lies in [bcd] as well since g is on the line h, which is the intersection of the planes
[aef ] and [bcd] by definition. Then d lies on the segment gc. Since w1 lies on ga by definition and d
lies on gc we have that w1c, and ad cross at y1. y1 is then an element of the top of P ∗, so y2 cannot be
above y1 since y2 is in the interior of P ∗. This contradicts the above assertion that y2 is above y1 and thus
the configuration (P,T1, T2) has no realization as a convex 3-polytope.
3. Checking the convexity of polytopes
A simple method for checking the convexity of a simplicial, piecewise linear surface in three
dimensions relies on a standard characterization of global convexity for polytopes. Namely, a 3-polytope
Q is convex if and only if for every face fi of Q the set of vertices {vj } that are not vertices of fi all
lie on the same side of the supporting plane of fi . Letting fi = (vi,1, vi,2, vi,3) and v = (x, y, z) it is well
known that this condition can be expressed in terms of the signed volume of the simplex formed by fi
and each vj as computed by the determinant of the augmented coordinate matrix shown in Eq. (1):
det


xi,1 yi,1 zi,1 1
xi,2 yi,2 zi,2 1
xi,3 yi,3 zi,3 1
xj yj zj 1

> 0. (1)
This characterization of global convexity is straightforward, but it results in a number of inequalities
that is quadratic in the number of vertices of Q. Mehlhorn et al. proposed a convexity checking method
based on the characterization that a polytope Q is globally convex if and only if it is locally convex at
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each edge, the center of gravity o of the vertices is in the interior of Q, and a ray emanating from o
passes through the interior of exactly one face of Q [3]. This characterization leads to a more efficient
convexity checking procedure than the one outlined above, but it can not be directly exploited for our
current purposes. However, Devillers et al. prove the correctness of a simpler characterization of global
convexity based on a particular notion of local convexity at each edge by showing it is equivalent to the
characterization of Mehlhorn et al. [2]. The condition for local convexity at each edge of the polyhedron
again relies on a signed volume computation. Let fi = (v1, v2, v3) and fj = (v1, v2, v4) be two properly
oriented faces of a simplicial polyhedron Q. The edge (v1, v2) is convex if and only if the inequality in
Eq. (2) holds [2]:
det


x1 y1 z1 1
x2 y2 z2 1
x3 y3 z3 1
x4 y4 z4 1

> 0. (2)
Of course, local convexity at each edge of the polytope in the sense of Eq. (2) is in general not a
sufficient condition for global convexity. Devillers et al. present an additional condition on a structure
they call the seam of the polyhedron [2]. An edge of a polyhedron in three dimensions is said to be a
seam edge if and only if:
(1) The edge is not parallel to the z-axis.
(2) The intersection of the negative half-spaces of the planes of support of the two faces sharing the edge
is contained in the same closed half-space of the z-axis-parallel plane through the edge.
(3) The upper face sharing the edge is contained in the open half-space of the z-axis-parallel plane
through the edge.
In short, an edge is a seam edge if it has a vertical plane of support, is not vertical itself, and the
upper face incident to the edge is not parallel to the z-axis. The 3-seam of a polyhedron is defined to
be its collection of seam edges. Devillers et al. show that if the polyhedron is locally convex, the set of
seam edges forms a collection of cycles of edges of the polyhedron (the 3-seam), and that the projection
of those cycles onto the xy-plane forms a set of locally convex polygons. Devillers et al. establish the
following characterization of global convexity for a polyhedron in three dimensions as a special case of
their general characterization:
Theorem 2 (Devillers et al.). A 3-polyhedron is globally convex if and only if it is locally convex at each
edge and the projection of its 3-seam onto the xy-plane is a single globally convex polygon [2].
In the next section we show how the first characterization given above can be used to obtain a set of
linear inequalities that is feasible if and only if the configuration (P,T1, T2) is realizable. We also show
how the characterization of Devillers et al. simplifies to only testing for local convexity at each edge, in
the case of any realization of a Guibas’ conjecture instance, and how this characterization can similarly
be used to obtain a set of linear inequalities that is feasible if and only if the configuration (P,T1, T2) is
realizable.
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4. Characterizing realizability for Guibas’ conjecture
An input configuration (P,T1, T2) consists of the specification of a convex polygon P = (V ,E) where
vi = (xi, yi) for all vi ∈ V , ek = (vk,1, vk,2) for all ek ∈E, as well as the specification of a set of triangular
faces fl = (vl,1, vl,2, vl,3) for each triangulation. Without loss of generality we assume the vertices of the
faces of T1 are given in counterclockwise order, and that the faces of T2 are given in clockwise order. We
obtain a polyhedron Q= (V ′,E′) from (P,T1, T2) by specifying a zi coordinate for each vertex vi ∈ V
to form V ′, and letting E′ = E ∪ T1 ∪ T2. The problem of deciding whether a particular configuration
is realizable can be answered in the affirmative if we can find a value of zi for each vi that makes the
polyhedron Q globally convex. In this case we say Q is a realization of the configuration (P,T1, T2). If
no such set of zi can be found, then (P,T1, T2) is not realizable as a globally convex polyhedron.
Given the first characterization of global convexity in Section 3, we can easily compute a set of linear
inequality constraints that must hold in order for a given configuration (P,T1, T2) to be realizable as a
globally convex polyhedron. This set of inequalities is obtained by taking the cofactor expansion of each
determinant matrix specified by Eq. (1) along its z column. For each face fi = {vi,1, vi,2, vi,3} and each
vertex vj that is not a vertex of fi we obtain a linear inequality as shown in Eq. (3):
zi,1 det
(
xi,2 yi,2 1
xi,3 yi,3 1
xj yj 1
)
− zi,2 det
(
xi,1 yi,1 1
xi,3 yi,3 1
xj yj 1
)
+ zi,3 det
(
xi,1 yi,1 1
xi,2 yi,2 1
xj yj 1
)
− zj det
(
xi,1 yi,1 1
xi,2 yi,2 1
xi,3 yi,3 1
)
> 0. (3)
The collection of inequality constraints computed for a configuration can be specified as a matrix Cg
leading to a first characterization for realizable configurations.
Theorem 3. A configuration (P,T1, T2) is realizable as a convex 3-polytope if and only if there is a
solution to the set of inequalities Cgz> 0.
As noted in the introduction, the simple, global convexity condition used to derive the characterization
in Theorem 3 results in a number of inequalities that is quadratic in the number of vertices of P . We can
obtain a more compact set of inequalities by appealing to the characterization of Devillers et al. given in
Theorem 2. We begin by showing that local convexity implies global convexity for any polyhedron Q
obtained by assigning Zi values to the vertices of a configuration (P,T1, T2).
Theorem 4. Any locally convex polyhedron Q obtained from a configuration (P,T1, T2) is also globally
convex.
Assuming we have constructed a polyhedron Q from (P,T1, T2) that is locally convex at each edge,
we need to establish that the projection along the z-axis of the 3-seam of Q is a single convex polygon.
The input specification of the configuration (P,T1, T2) is exactly the projection along the z-axis of all
edges of Q. Any internal triangulation edge (edge not from P ) e = vivj has incident faces fk and fl on
different sides of it, so the faces f ′k and f ′l of Q can not be contained in the same closed half space of
the z-axis-parallel supporting plane of e′ = v′iv′j . On the other hand, an edge e = vivj of P has one face
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fk from T1 and one face fl from T2 that both lie on the same side of a supporting line through it. Thus
the faces f ′k and f ′l of Q must both be contained in the same closed half space of the z-axis-parallel
supporting plane of e′ = v′iv′j . Of course, vertical edges are impossible in any Q, as are z-axis parallel
faces, which takes care of the additional special cases. Therefore the projection of the 3-seam of any Q
obtained from a configuration (P,T1, T2) is simply P , and P is convex by definition. Thus by Theorem 2
any locally convex realization is a globally convex realization.
The test for local convexity at each edge specified by Eq. (2) can be easily converted into a set
of linear inequalities that must hold for a realization to be globally convex. As in the previous case
this is accomplished by cofactor expansion along the z column of the determinant matrix. For each
edge e of (P,T1, T2) let fe = (ve,1, ve,2, ve,3) be one of these two faces with the vertex list given in
counterclockwise order if fe is a face of T1, and clockwise order if fe is a face of T2. Let ve,4 be the
unique vertex of the other face incident to e that is not a vertex of fe. The inequality that must be satisfied
for each edge is given by the expression in Eq. (4):
ze,1 det
(
xe,2 ye,2 1
xe,3 ye,3 1
xe,4 ye,4 1
)
− ze,2 det
(
xe,1 ye,1 1
xe,3 ye,3 1
xe,4 ye,4 1
)
+ ze,3 det
(
xe,1 ye,1 1
xe,2 ye,2 1
xe,4 ye,4 1
)
− ze,4 det
(
xe,1 ye,1 1
xe,2 ye,2 1
xe,3 ye,3 1
)
> 0. (4)
The collection of inequality constraints computed for a configuration can be specified as a matrix Cl
leading to a second more compact characterization of realizable configurations.
Theorem 5. A configuration (P,T1, T2) is realizable as a convex 3-polytope if and only if there is a
solution to the set of inequalities Clz> 0.
In this case we obviously have a single inequality per edge in the input configuration, which means
the number of inequalities is linear in the number of vertices of P .
5. Deciding realizability and constructing realizations
Given either characterization of a realizable configuration, a straightforward decision algorithm can
be obtained by computing the set of linear inequalities Cgz> 0 or Clz> 0, and then applying any linear
programming technique to determine if the set of linear inequalities has a solution. If a solution does
exist then the linear programming technique will produce a vector z that immediately gives a solution
to the construction problem. See the recent survey by Todd for an overview of linear programming
techniques [6] .
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